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ABSTRACT
Measurements are reported o f the in e r t ia  c o e f f ic ie n t  k and
damping c o e f f ic ie n t  k' fo r  a c ircu la r  cy lin d er (rad ius a)
o s c i l la t in g  a t angular frequency w in  a f lu id  o f kinematic
v is c o s ity  v . Good agreement with the theory o f Stokes i s
2 ~obtained throughout the range 0,201 < (2 \/u a  ) 2 < 4.11 even 
when the Reynolds number R and the r e la t iv e  amplitude are not 
sm all compared to 1. The experiment employes a torsion  
pendulum whose period o f o s c i l la t io n  i s  measured e le c tr o n ic a lly  
with an o p tic a l le v e r  and whose amplitude o f o s c i l la t io n  i s  
d ig it iz e d  with an o p tic a l vern ier  system, Stokes* theory i s
expressed in  terms o f modified B essel fu n ction s, and values o f
2 —k and k* are tabulated fo r  0.001 < (a  w /4v)2 < 4 .0 ,  The re la tio n
to  Stokes paradox i s  considered by examining the damping force in
2 ~the l im it  (oia / v ) z << 1, The damping force fo r  a cy lin d er , unlike  
th at fo r  a sphere, does not reduce to the low R drag in  th is  l im it .  
However, comparison with Lamb's so lu tio n  o f the Oseen equations 
suggests an expression  th at agrees w ell with drag measurements up 




A. The Navier-Stokes Equation
The problem considered here i s  th a t o f an in f in i t e  r ig h t  
c ircu la r  cylinder executing s in u so id a l o s c i l la t io n s  normal to  
i t s  lon gitu d in al a x is  in  an unbounded, incom pressible, Newtonian 
viscous f lu id . This problem i s  two dim ensional because o f the  
tra n sla tio n a l symmetry along the lon g itu d in a l a x is .  The equations 
governing the motion o f an incom pressib le, Newtonian f lu id  in  the 
presence o f conservative (g ra v ita tio n a l)  body fo r c e s  in an 
in e r t ia l  reference system are the Navier-Stokes equations
p ( f f  +  ( V  . ? ) ? ) - -  V p  +  ( 1 )
and the con tin u ity  equation
V • v = 0 (2 )
where v = v (r ,t )  and p ■ p (r ,t )  are re sp e c tiv e ly  the v e lo c ity  and 
pressure a t the p o s it io n  r and time t ,  and p and p are re sp ectiv e ly  
the d en sity  and v is c o s ity  o f the f lu id . For a Newtonian f lu id ,  p
and p are m aterial constants, independent o f the rate o f shear.
The pressure Includes the p o te n tia l o f  the body fo r c e . The Navier- 
Stokes equations are non-linear and have no known exact so lu t io n  for  
th is  problem.
Two su ccessfu l approximation procedures fo r  so lv in g  the Navier-




number approximation . The Reynolds number i s  defined as R ■ UL/; 
where U i s  a c h a r a c te r is t ic  v e lo c ity ,  L a c h a r a c te r is t ic  length o f  
the geometry and v® y/p i s  the kinematic v is c o s ity  o f the f lu id .
The Reynolds number can be thought o f as a r a t io  of in e r t ia l  force  
to  v iscous fo r c e . For large Reynolds numbers, in e r t ia  dominates 
the flow  and v is c o s ity  i s  unimportant fa r  from so lid  boundaries. 
Throughout most o f  the f lu id  region , the inviscid p o ten tia l flow  
described by B em o u li’s  equation i s  ap p lica b le , and only  in  a th in  
boundary la y er  are v iscou s e f f e c t s  appreciable. Approximations 
based on the sm allness o f  certa in  terms in  th e  boundary layer  
reduce the com plexity o f  the Navier-Stokes equations and resu lt  in  
the sim pler boundary la y er  equations. Many p ra ctica l problems are 
rendered so lv a b le  in  the boundary layer approximation and when 
so lu tio n s  are matched w ith the p o te n tia l flo w , good agreement with  
experiment i s  obtained fo r  large Reynolds number. For low Reynolds 
number problems the n on-linear in e r t ia l  terms are sm all and i f  th ese  
terms are n eg lected  com pletely the equations o f  creeping motion or  
the Stokes equations r e s u lt ,  These equations are lin e a r  and the 
ex ten siv e  techniques o f  lin ea r  d if f e r e n t ia l  equations y ie ld  
so lu tio n s  to  many problems.
B, Previous T h eoretica l R esults  
1. S o lu tio n  o f Stokes
By n eg lectin g  the n on-linear convective a cce lera tio n  term 
v • W , an approximate so lu tio n  fo r  the o s c i l la t in g  cy lin d er  was
3
obtained o r ig in a lly  by Stokes^ and was s ta te d  in  modem terms by 
a <
S tu art and Segal-', The re su lt in g  so lu tio n  fo r  the v e lo c ity  f i e ld
3
i s  used to  f in d  the force  exerted on the cy lin d er  by the f lu id .
The force  F per u n it length  o f  the cy lin d er  o f  radius a can be 
w ritten
F -  -  M'k ~  -  M'k'wv (3)
where M' i s  the mass o f the d isp laced  f lu id  per u n it  length  o f
the cy lin d er , k i s  the added mass or in e r t ia  c o e f f ic ie n t ,  k' i s
the damping c o e f f ic ie n t ,  and w i s  the angular frequency o f
o s c i l la t io n .  The c o e f f ic ie n ts  k and k' are given  by the equation
Jc -  1 -  i k • -  K1(z ) /z K 0 (z )  (4)
where K (z ) i s  the m odified B esse l function  o f  order n, and n ' '
z  ■ ( l+ i )  a /u>/v . The e s s e n t ia l  r e su lts  are f i r s t  th a t the 
cy lin d er  moves as though i t  had an ad d ition a l mass kM* and second 
th a t the force exerted on the cy lin d er has a component k'M’oov that  
i s  out o f phase with the a cce lera tio n  and accounts for  the  
d iss ip a tio n  o f  the energy o f the o s c i l la t in g  cy lin d er ,
2 , Conditions fo r  V a lid ity  o f  Stokes' Theory 
The mathematical cond itions fo r  which the above approximation 
i s  expected to  be v a lid  w i l l  be considered here. I t  i s  convenient 
to  introduce the viscous penetration  depth parameter X » (2 v /w) 2, 
In the problem o f an in f in i t e  plane executing s in u so id a l oscilla*- 
t io n s  in  i t s  own plane w ith f lu id  occupying the se m i- in f in ite  
region  above the plane, t h is  parameter a r ise s  n aturally  as the 
d istan ce in to  the f lu id  a t  which the o s c i l la t in g  f lu id  v e lo c ity  
has decreased in  amplitude to  l / e  o f  i t s  value a t the plane. In  
other o s c i l la t in g  flow s th is  parameter i s  used as a q u a lita tiv e
measure o f  the d ista n ce , normal to the o s c i l la t in g  su rfa ce , over 
which the o s c i l la t in g  v e lo c ity  components change appreciably.
Consider f i r s t  the low Reynolds number case. Let a be a 
c h a r a c te r is t ic  dimension o f the cy lin d er and take as a character­
i s t i c  time l /w  and as a c h a r a c te r is t ic  v e lo c ity  Aw, where A i s  the 
amplitude o f  o s c i l la t io n .  Measure pressure r e la t iv e  to  the constant 
pressure p^ fa r  from the cy lin d er  and consider i t  to  have a 
c h a r a c te r is t ic  value o f  vwA/a, The fo llow in g  dim ensionless 
variab les  r e s u lt i
r  » r /a ,  t  -  u»t, v -  v/Aw, p -  (p-pJ^JL  ,
The gradient in  the convective a cce lera tio n  term i s  taken in  the 
d irec tio n  o f  the v e lo c ity ,  or eq u iva len tly  along a stream lin e.
S ince v e lo c i t ie s  change appreciably along stream lines over 
d ista n ces c h a r a c te r is t ic  o f the body, th is  d ir ec tio n a l gradient
may be non-dim ensionalized by V = av. The other gradient terms
w i l l  a lso  be non-dim ensionalized by v = a v .  Therefore, in  
dim ensionless form the Navier-Stokes equations ( l )  may be w ritten
2 ( f ) 2 n  + 2(r ) 2 &  + V2v . (5)
Since the d im ensionless variab les  and th e ir  d eriva tives are o f  
0 ( l ) ,  the r e la t iv e  s iz e s  o f  the terms are ind icated  by the s iz e  
o f  the c o e f f ic ie n t s .  Thus, i t  i s  c lea r  th a t i f  amplitudes o f  
o s c i l la t io n s  are sm all compared to  the dimensions o f the body
3 ^ 5(A <<a), and i f  a/A ~ 0 ( l ) ,  the non-linear term may be n eg lected  * * .
I t  must be mentioned that i t  i s  im p lic it ly  assumed th at separation  o f
5
the boundary layer does not occur. This requires th a t the
2
Reynolds number R ® Ua/v= 2Aa/A be sm all. For the case o f  
very large penetration  depths A >> a the equations o f motion 
are approximately those fo r  a lin e a r ly  tr a n s la tin g  body and 
should have so lu tio n s  s im ila r  to  the drag equations fo r  a 
fa l l in g  body. This s itu a t io n  i s  d iscu ssed  more f u l ly  in  
Chapter IV,
Consider next the case A << a. This i s  analogous to  a 
boundary layer approximation. As before, the length  a, the time 
l/u), and the v e lo c ity  Aw axe used to  construct dim ensionless
v a r ia b les . However, now the pressure has a c h a r a c ter is t ic  value
2 2pA w (th e  stagnation  p ressu re), and s p a t ia l  d er iv a tiv es  o f the 
v e lo c ity  taken normal to  stream lines may be la rg e . The d irec­
t io n a l gradient in  the non-linear term i s  again non-dim ensionalized  
as V * aV, but the other gradient terms are non-dim ensionalized by 
V =* AV, Therefore, in  dim ensionless form the Navier-Stokes 
equation may be w ritten
+ £ ( v  • v ) v = -  y  vp + v 2v  . ( 6 )
Again, the non-linear term w i l l  be sm all i f  the am plitude A i s
sm all compared to  the radius a.
In summary, fo r  the case o f a body o s c i l la t in g  in  a v iscou s
f lu id , the non-linear term in  the Navier-Stokes equations w i l l  be
sm all i f  e ith e r  ( l )  the Reynolds number R << 1 and A << a , or (2)
the penetration  depth A << a and A << a . Since the Reynolds
2




More recent attempts to  obtain approximate so lu tio n s  for
the o s c i l la t in g  cy lin d er  problem have focused on long-range steady,
or a c o u s t ic ,  streaming caused by the o s c i l la t io n s ,  Stuart^ and 
7
R iley  have considered the case A << A << a which leads to  an outer
8 9boundary la y er . R iley  and Wang have considered the case  
A << A << a fo r  which the outer flow i s  governed by the equations 
o f  slow motion, Riley*^ has recen tly  reviewed both experim ental 
and th e o r e tic a l work on the steady streaming aspect o f the problem. 
R ile y ’s work uses the method o f inner-outer expansions in  which the 
n on -lin ear term i s  su ita b ly  approximated near and fa r  from the 
cy lin d er  and the r e su lt in g  so lu tio n s  are matched in  an interm ediate  
region . In th is  procedure constant terms and terms o f tw ice the 
d riv in g  frequency appear in  the so lu tio n  fo r  the v e lo c ity .  The 
constant terms imply a steady pumping o f f lu id  toward or away from 
the cy lin d er  depending on the cond itions assumed. The terms of 
tw ice the d riv ing frequency represent c losed  loops o f c ir c u la tin g  
f lu id .  S ince th is  work i s  d irected  toward the properties o f the 
v e lo c ity  f i e ld ,  no equations fo r  the force on the cy lin d er  are 
given .
C. Previous Experimental R esults
Experimental observations o f the forces exerted on the 
cy lin d er  are in  general agreement with Stokes' theory fo r  A/a 
values from 0,004 to  0 ,59 a t sm all amplitudes o f  o s c i l la t io n .
The pioneering work o f B a ily  and Coulomb was used by Stokes in
7
h is  o r ig in a l t e s t  o f  the theory. Because o f u n certa in tie s  in  
the experim ental con d ition s and large r e la t iv e  am plitudes, these  
experiments must be viewed with caution .
pendula. Among th ese  were three long c y lin d r ic a l rods (numbers 21,
43 and 44) which were suspended a t one end and were swung in  a ir
a t atmospheric pressure and a t a lower pressure (about 1/30 atm).
Experimental d e ta ils  were given only fo r  number 21, but i f  we
presume th a t the others were conducted under s im ila r  con d ition s,
they a lso  can be compared with Stokes' theory. B aily expressed
h is  r e s u lts  as a fa c to r  n by which the previous pendulum correction
(fo r  buoyancy) i s  m u ltip lied  to  include the e f f e c t s  o f v is c o s ity
12and in e r t ia  o f the medium, Stokes has shown that fo r  B a ily 's  
experiment, th is  fa c to r  can be w ritten
where p̂  and are the d e n s it ie s  o f  the a ir  a t high and low 
pressures, r e sp e c tiv e ly , and k^and kQ are the in e r t ia  c o e f f ic ie n ts  
o f  Stokes' theory a t high and low pressures. Using modern values 
fo r  the v is c o s ity  o f  a ir ,  we have ca lcu la ted  values o f  n-1 from 
Eq. ( 7 ) and the r e s u lts  are compared with B a ily 's  experiment in  
Table I .  The fourth and f i f t h  columns o f  th is  tab le  contain  values  
o f  X/a a t high and low pressures, r e sp e c tiv e ly . The experim ental 
values o f n-1 were corrected  fo r  boundary e f fe c t s  by Stokes. 
Although the agreement between theory and experiment i s  very good, 
there are severa l reasons fo r  viewing t h is  agreement w ith cautioni
11B a ily  measured the periods o f many d iffe r e n t  shapes of
( ?)
TABLE I







A^/a V a n-1Experiment
21 153.3 0.521 0.581 2 .98 1.923
43 147.2 0 .2 3 5 1.31 7 .17 3.081








( l )  the experim ental cond itions fo r  numbers 43 and 44 are not 
known, p a rticu la r ly  the temperature o f  the a ir  and the value of 
the lower pressure, (2) end e f fe c t s  are not taken in to  account, 
and (3) even though the angle o f swing was le s s  than one degree, 
the r e la t iv e  amplitude (A/a) a t the end o f  the pendulum ranged 
up to  2 5 .
13Coulomb used a to rsio n  pendulum to  swing cy lin d ers in  a 
h orizon ta l plane in  water. Each cy lin d er  was a th in  rod o f  length  
24 ,9  cm and was suspended from i t s  midpoint with i t s  lon gitu d in al 
a x is  h or izo n ta l. According to  Stokes' theory the logarithm ic  
decrement 2"<5 fo r  th is  experiment should be given by
2 tt6 = Tr^a^Jl^pk, / l 2 I  ( 8 )
where a i s  the radius, l  i s  the len gth , p i s  the f lu id  d en sity ,
k' i s  S tokes' damping fa c to r , and I i s  the moment o f  in e r t ia  o f
the system. As shown in  Table I I ,  the th e o r e tic a l values o f  k ',
ca lcu la ted  from A/a, are much sm aller than the experim ental values
ca lcu la ted  from Eq, (8 ) ,  However, s in ce  Coulomb's observations
were made a t extremely high amplitude (angular displacem ents from
91 t o  456 d egrees), i t  i s  not surprising  that Stokes' theory does
not apply. The r e la t iv e ly  good agreement obtained by Stokes in  h is  
12a n a ly sis  o f  Coulomb's experiment i s  due to  h is  using a value for  
the kinematic v is c o s ity  o f water which i s  too large by a fa c to r  o f 2 , 
For sm all penetration depths, A/a < 1, sev era l experiments have 
been performed using a v a r ie ty  o f  methods; the r e s u lts  agree w ell 
with Stokes' theory. As mentioned above the experiments o f  B aily
TABLE I I
Coulomb's Experiments w ith C ylinders
a Period V a 2 tt<5 k' k*
cm sec  Experiment Experiment Theory
0 .336  46 1 .1 4  0.0818 5 .25  3 .43
0.179 4 5 .5  2 .13  0.0528 11 .94  8 .00
0.0138 4 5 .5  27 .6  0.0274 1043. 460.
o
11
14on c y lin d r ic a l pendula confirm Stokes theory. S tuart and Woodgate 
report agreement (w ith in  2$) with Stokes* theory fo r  damping a t  
A/a -  0.102 using a c y lin d r ic a l pendulum v ib ra tin g  in  a ir  a t  
various pressures. An increase in  damping was noted fo r  amplitudes 
grea ter  than one tenth o f a diam eter. The r e s u lts  o f  S tuart and 
Woodgate are uncertain because o f  a large (70$) nuisance damping 
correction .
M artin^  and L a ird ^  performed v ib ra tin g  wire experiments in
various f lu id s  with r e s u lts  th a t  agree with S tok es' theory. Martin
measured frequency (r e la te d  to  added mass) and damping fo r  wires
v ib ra tin g  in  a ir  and water, Values o f A/a were from 0,064 to  0 ,069 .
Measured frequencies o f  v ib ra tion  o f  a wire by Laird agreed (w ith in
^$) with Stokes' theory fo r  A/a from 0 ,26  to 0 .3 3 . Richardson and 
17T a it measured the damping o f  a v ib ratin g  c y lin d r ic a l rod clamped 
a t  one end and used Stokes' theory to ca lcu la te  the v is c o s ity  o f  
a ir  and water; the r e s u lts  agree w ell with values obtained by other  
methods. For the a ir  and water experiments A/a was resp ec tiv e ly
0 .3  and 0 ,07 ,
18Hussey, Good, and Reynolds measured added mass and damping
fo r  cy lin d ers o s c il la t in g  normal to  th e ir  lo n g itu d in a l a x is  in
liq u id  helium and found good agreement with expressions based on
S tok es' theory for  the normal f lu id  and invisdd  f lu id  theory for
the su p erflu id . Values o f  A/a ranged from 0 .03  to  0 .59  and no
v a r ia tio n  o f  the damping and in e r t ia  c o e f f ic ie n t s  were observed
19fo r  amplitudes le s s  than 0 ,5  r a d ii .  Tough, McCormick and Dash 
reported measurement o f  the v is c o s ity  of liq u id  helium obtained
12
from the measured damping o f  a sm all diameter v ib ratin g  wire and
the use o f  S to k e s’ theory. Values o f  x /a  ranged from 0 ,245 to  2 ,48 ,
For values o f  X/a near one and la r g e r  reported errors were la r g e s t
(28$ a t  V a = 2 ,4 8 ) . No change in  damping was observed fo r
20amplitudes as high as e ig h t  diameters which i s  remarkable in
14 21lig h t  o f work by Stuart and Woodgate , and Keulegan and Carpenter ’
The presence o f  the su p erflu id  and the ex isten ce  o f  n o n -c la ss ica l
c r i t i c a l  v e lo c i t ie s  in  liq u id  helium obscure the in terp reta tio n  o f
these r e s u lt s .
Other experiments a t  sm all x /a  with constant v e lo c ity  along the
cy lin d er have been performed in  ad d ition  to  those mentioned above,
22Ye-Tak Yu conducted to r s io n a l o s c i l la t io n  experiments with sev era l 
kinds o f o b jects  includ ing cy lin d ers moving normal to  th e ir  lon g i­
tu d in al a x is . Hollow brass cy lin d ers o f 1.27 cm diameter and 
various lengths with a th in  disk  soldered  in  th e ir  midplane were 
o s c il la te d  in  water and an em pirical equation fo r  the added mass
was g iven . Values o f x /a  in  the range 0 .05  to  0 .08  may be in ferred
23from the data. S te lso n  and Mavis v ibrated , among other o b jec ts , 
two inch diameter cy lin d ers of various lengths normal to th e ir  
lon g itu d in a l a x is  in  water. The value o f  x /a  was 0 ,004 , An 
advantage o f th ese  two experiments i s  the experim ental determ ination  
o f  end e f f e c t s .
High amplitude observations a t  sm all x /a  have a lso  been made,
14As mentioned above Stuart and Woodgate found an increase in  damping
o f  a pendulum fo r  amplitudes larger than 0 .1  diam eters. Keulegan and 
21Carpenter conducted h igh  amplitude experiments in  a water bath in
13
which standing waves were e sta b lish ed . C ylinders were immersed at
the cen tra l node and the forces due to  the nearly h o r izo n ta lly
varying water v e lo c ity  were measured. Observations were made at A/a
from 0.02 to  0 .08  and r e la t iv e  amplitudes from 0 .9  to  38 cy lin d er
diam eters. E sse n tia l r e su lts  were separation  o f the boundary layer
and accompanying Increase in  the drag fo rc e , A s l ig h t  v e r t ic a l
24v e lo c ity  component e x is te d  a t the node. Heinzer and Dalton 
reported flow v isu a liz a t io n  s tu d ie s  for  cy lin d ers o s c i l la t in g  in  
water. Values o f  A/a varied  from 0,044 to  0 ,10  and r e la t iv e  
amplitudes ranged from 0 ,8  to  9 .6  cy lin d er r a d ii. No separation  
was observed fo r  r e la t iv e  amplitudes o f 0 ,8  and 1 ,0 , but above 
th ese  amplitudes separation  and vortex shedding were observed.
Experimental data thus confirm the approximation of Stokes 
fo r  sm all values o f A/a and sm all amplitudes o f o s c i l la t io n .  Few 
measurements have been made fo r  large A/a and these have suffered  
from various d e fe c ts . Few of the experiments have measured both 
the in e r t ia  and damping c o e f f ic ie n t s ,
The present work has sy stem a tica lly  measured both the in e r t ia  
and damping c o e f f ic ie n t s  fo r  0,201 < A/a < 4 ,1 1 , The present 
experiment has the d esira b le  fea tu res o f  experim entally accounting 
fo r  end e f fe c t s  and o f  m aintaining a unique Reynolds number and 
r e la t iv e  amplitude fo r  the e n tir e  length o f  the cy lin d er . C r it ic a l  
values o f the r e la t iv e  amplitude and Reynolds number are reported; 
fo r  amplitudes larger than the c r i t i c a l  values damping was larger  
and the period was sm aller than the resp ectiv e  constant low amplitude 
va lu es, Stokes* theory compares w e ll w ith the measurements through­
out th is  range, even when the Reynolds number and the r e la t iv e
I k
amplitude are not extrem ely sm all.
The agreement with Stokes* theory for  large values o f  A/a
leads to  the specu lation  th a t the Stokes expression  fo r  the damping
o f  a slow ly  o s c il la t in g  cy lin d er i s  re la ted  to  the drag experienced
"by a slow ly  tra n sla tin g  cy lin d er. For an o s c i l la t in g  sphere the
Stokes d is s ip a tiv e  force reduces ex a c tly  to  the low Reynolds drag
in  the l im it  o f extremely long periods. The Stokes equations fo r
the low Reynolds number tra n sla tio n  o f  a cy lin d er  has no so lu tio n
fo r  unbounded plane flow . This so c a lle d  Stokes paradox makes
the tr a n s it io n  from slow o s c il la to r y  motion to  low Reynolds number
drag more d i f f i c u l t  for  the cy lin d er . However, the long penetration
depth lim it  o f  the o s c i l la t in g  cy lin d er  i s  compared to  the low
Reynolds number so lu tio n  o f  the Oseen equation fo r  a tra n sla tin g
cy lin d er , and an em pirical equation fo r  the drag i s  obtained. This
25em pirical equation reduces to  Lambs so lu tio n  fo r  the Oseen 
equations in  the lim it  o f  very sm all Reynolds number and agrees 
w ell with experimental measurements in  the d i f f i c u l t  region  
around R -  1 ,
CHAPTER II  
EXPERIMENT
A, Apparatus
1. O sc illa to r  Apparatus
Measurements were made with the torsion  pendulum il lu s tr a te d  
in  P ig . 1. The two sym m etrically placed cylinders (G) are made to  
o s c i l la t e  about an ax is  p a r a lle l to  th e ir  lon gitu d in al ax is  in  a 
c y lin d r ic a l container ( i )  f i l l e d  with a viscous liq u id  (H), B r ie f ly ,  
the method c o n s is ts  o f  measuring the period x and logarithm ic 
decrement 27x6 as functions o f immersion depth. From th is  data the 
damping c o e f f ic ie n t  k' and the added mass c o e f f ic ie n t  k are calcu­
la ted  as described below.
The cy lin d ers (G) were accurately  matched pairs cut from p ieces  
o f p rec is io n  ground s ta in le s s  s t e e l  sh a ftin g  o f  rad ii 0 . 159 , 0 .238, 
0.318 , and 0.635 cm; they were mounted symm etrically on a diameter 
o f a 0 ,6 k  cm th ick  by 15 cm diameter s ta in le s s  s t e e l  or aluminum 
disk  (F) in  holes a t rad ii d o f 2 .032, ^.572, or 7,112 cm. A short 
axle (D) with a mirror a ffix ed  coupled the o s c i l la to r  to  a quartz 
f ib e r  (B ). A p air o f short s ta in le s s  s t e e l  ca lib ra tio n  weights (E) 
could be placed a t e ith er  p a ir  of unoccupied mounting ho les for
c a lib ra tin g  the quartz f ib e r . The t o t a l  moment o f in e r t ia  o f the
2
o s c i l la t o r  was ty p ic a lly  30,000 g-cm .
Quartz f ib e r s  were used in  the to rsio n  pendulum apparatus
because o f  th e ir  long term s t a b i l i t y ,  low in tern a l damping, and l in -
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Quartz f ib e r s  approximately 66 cm long were drawn by hand from 
quartz rod to  mean diameters o f  0 ,2  to  1 ,3  nun, The ends o f the 
fib er s  were epoxied to  0 ,64  cm diameter by 1 ,3  cm long brass rods,
center d r il le d  to the diameter o f  the f ib e r , The to rsio n  constant
2 2o f the f ib e r  was obtained from the r e la tio n  a » ^ / ( Tc ~ tq )»
where AI i s  the calcu lated  change in  moment o f in e r t ia  and 
and are, re sp ec tiv e ly , the periods measured with and without 
the ca lib ra tio n  w eights. Such f ib er s  supported more than 1 .5  kg 
and had to rsio n  constants in  the range 100 < a < 1000 dyne-cm, 
Nuisance lo g  decrements 2̂ *5 ̂  o s c il la t io n s  of the apparatus in  
a ir  were le s s  than 0 .001 , Air current sh ie ld s  (C) were placed 
around the f ib e r  and o s c i l la to r .
Several methods o f  in i t ia t in g  the to r s io n a l o s c il la t io n s  were 
attempted. During i n i t i a l  t e s t in g  phases the o s c i l la t o r  was turned 
by hand through an i n i t i a l  angle and re lea sed . This procedure 
introduces undesirable pendular motion. In an e f fo r t  to  elim inate  
the pendular motion a magnetic c lu tch  was used as fo llo w s . A s o f t  
iron  disk on a brass axle was placed between the mirror and 
o s c i l la to r  p la te . The so lenoid  o f the magnetic c lu tch  was placed  
concentric with the ax le  about 0 ,2  mm below the d isk . When 
energized the iron d isk  was clamped to the magnetic c lu tch  and the  
o s c il la to r  and magnetic c lu tch  rotated togeth er. A fter appropriately  
centering and lev e lin g  of the magnetic clu tch  assembly i t  could be 
rotated and then disengaged introducing very s l ig h t  pendulum motion. 
This system was rejected  because o f too much damping and the 
tendency fo r  the s o f t  iron c lu tch  p la te  to  become magnetized.
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Experiments 2 through 5 employed th is  s ta r t in g  d ev ice . Experiments 
6 through 13 employed a m odification  o f  t h is  by rep lacing the 
magnetic clamping o f the o s c i l la to r  to a ro ta tab le  base with a 
mechanical clamp.
The remaining experiments 14 through 28 employed the s ta r tin g
mechanism (A) shown in  F ig . 1. A long ax le  passing through a long
brass bushing has the f ib e r  attached at one end by a s e t  screw, A
spring exerts a torque on the s ta r tin g  arm and forces i t  against
the mechanical stop at the top. The bushing i s  attached to the w all
by a su ita b le  arm and clamp. The o s c i l la t o r  i s  s e t  in to  motion by
turning the s ta r t in g  arm by hand through an appropriate angle and
gen tly  returning to  the r e s t  p o sitio n . As long as the f ib e r  i s
s tr a ig h t  and a l l  components o f the o s c i l la t o r  are co a x ia l no
p ercep tib le  pendulum motion occurs. A torque in  excess o f  5*10^
dyne-cm i s  required to  ro ta te  the s ta r t in g  mechanism and i s  more than
10 tim es larger than the torque exerted by the s t i f f e s t  f ib e r  at
maximum angular displacem ent. The o s c i l la t o r  returned to  the same
-4zero p o sit io n  w ith in  5x10 radians.
Liquids used were water, butyl phthalate, ethylene g ly co l, and 
a 3*1 water ethylene g ly c o l mixture. For each liq u id  the kinematic 
v is c o s ity  v and d en sity  p were determined as functions o f temperature; 
v is c o s i t ie s  were measured with Cannon-Fenske routine viscom eters and 
d e n s it ie s  were measured with a Westphal balance. During the 
experiment the v is c o s ity  and d en sity  were obtained in d ir e c t ly  from 
the f lu id  temperature. Kinematic v is c o s i t i e s  ranged from 0.01 to  
0.175 cm /s e c .
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The f lu id  bath was approximately 20 cm deep and was 15, 20, 
and 26 cm in  diameter fo r  experiments 1 through 13, 14 through 20 
and 21 through 28, r e sp e c tiv e ly . The cy lin d er immersion depth (h) 
was adjusted by moving the f lu id  container ( i )  v e r t ic a l ly  with a 
sc is s o r s  jack ( j ) .  The e lev a tio n  o f the corta in er was changed in  
fix ed  increments determined by four s e ts  o f three accurately  measured 
spacers placed between the top and bottom p la tes  o f the jack. The 
immersion depth h  ̂ was measured from the f lu id  le v e l  to  the bottom 
o f  the cy lin d ers. The measured depths were f i t t e d  to  the spacer  
heights adjusted fo r  f lu id  displacem ent using the fo llow in g  equationsi
_ lq) (9a)
L°  "  ^  i l  [L l ’  h i / ° )] 
where i s  the f i t t e d  immersion depth, LQ i s  the ca lcu la ted  spacer 
height fo r  zero immersion, i s  the i th  spacer heigh t,
_  «  4
o « t i  -  2(-^) ] ” i s  the adjustment fo r  f lu id  displacem ent, n i s  
the number of depths and h  ̂ i s  the measured immersion depth.
2, Apparatus fo r  Period Measurement
The e le c tro n ic s  fo r  t h is  experiment aie shown in  F ig . 2 and the 
s ig n a l wave forms and th e ir  temporal re la tio n sh ip  are shown in  F ig,
3 . Period measurements were made with a one meter o p tic a l lev er  
and a photodetector. With the o s c i l la to r  a t r e s t ,  the image o f  a 
l in e  filam ent bulb r e f le c te d  from the mirror (D) i s  focused on a 
s l i t  in  front o f the photodetector. Two photodetectors were used 
and the e le c tr o n ic  c ir c u it s  are shown in  F ig . 4, A 931A photo­
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F ig u re  3 . Waveforms and Tim ing Diagram
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experiments 1 through 20} a 1N2175 photodiode, ou tside diameter 
0,21 cm, without a s l i t  was used fo r  experiments 2 i through 28, 
With the o s c i l la t o r  in  motion vo ltage  p u lses from the photo­
d etecto r  were processed and d ivided  by two with a su ita b le  
e le c tr o n ic  c ir c u it .
For experiments 1 through 20 th is  c ir c u it  con sisted  of a
27Schm itt tr ig g e r  c ir c u it  , adjusted to g iv e  a fa s t  r isetim e  
square pulse when the photodetector voltage reached a predeter­
mined le v e l  (u su a lly  one h a lf  o f  the maximum pulse h e ig h t), and 
a f l ip - f lo p  driven by the Schm itt tr ig g er  pu lse, For experiments
21 through 28 the shaping c ir c u it  consisted  of a Schm itt tr ig g e r ,
28as above, in  coincidence with a zero crossin g  d etector  for the  
f i r s t  d er iv a tiv e  o f the photodetector p u lse . The zero crossing  
c ir c u it  gave a fa s t  r isetim e square pulse when the photodetector  
had reached i t s  maximum vo lta g e , which corresponds more c lo se ly  
to  the zero p o s it io n  o f  the o s c i l la to r  than the pulse from the 
Schm itt tr ig g e r . The resu ltin g  coincidence pulses were divided  
by two with a f l ip - f lo p .  The c ir c u it  diagram for th e la t te r  
c ir c u itr y  i s  shown in  F ig , 5 . The c ir c u itr y  for the former case  
i s  obtained by d e le tin g  the zero crossing detector fo r  the f i r s t  
d er iv a tiv e  and the coincidence c ir c u it ,
The period o f  the square wave from the f l ip - f lo p  was 
measured by a CMC Model 400C vacuum tube tim er-counter for  
experiments 1 through 8 , Every other period was measured by t h is  
method. For experiments 9 through 14 each su ccessive  period was 
measured with the CMC counter and a so lid  s ta te  Hewlett-Packard
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5623B tim er-counter. E ith er o f  these two methods i s  s e n s it iv e  to  
o f f  cen ter  errors in  the p o sitio n in g  o f the photodetector, Consider 
in  F ig . 6 , the damped s in u so id a l wave form that represents the 
p o s it io n  o f the lig h t  beam as a function  o f  tim e. I f  the photo- 
d etec to r  i s  a t the p o sitio n  from the zero p o sitio n , note that  
the tim es labeled  t +  increase as the amplitude o f  o s c i l la t io n  
decreases and the times x decrease, Thus, an o f f  center error  
w il l  cause a lte rn a te ly  measured and su c c ess iv e ly  measured periods 
to  e ith e r  increase or decrease con tin u a lly  as the amplitude o f  
o s c i l la t io n  decays.
To reduce o f f  center errors, staggered periods were measured 
in  experiments 15 through 28 by measuring the period with one tim er  
as th e l ig h t  beam crossed the zero p o s it io n  from the l e f t  and by 
measuring with the other tim er the period as the l ig h t  beam 
crossed  the photodetector from the r ig h t. When the re su lt in g  
staggered periods are averaged the o f f  center error i s  elim inated . 
Periods were measured to  0 ,01  ms and ty p ic a l standard d ev ia tion s  
were from 1 to  5 ms,
3 . Apparatus for Damping Measurement
Damping measurements were made with a conventional galvanometer 
l ig h t  and sc a le  a t one meter fo r  experiments 1 through 20.
Amplitudes were measured on a s tr a ig h t ground g la ss  sc a le  from 
25 cm to  1 cm. The moment o f  in e r t ia  o f the o s c il la to r  and the 
radius a t which the cy lin d er was placed were chosen so th a t the log  
decrement would be le ss  than 0 .1 . The tangent correction  fo r  the  
s tr a ig h t  sca le  was made and the log  decrements were determined








from sem i-logarithm ic p lo ts  o f the amplitude versus the number o f  
periods. The log  decrements were measured with a p rec is io n  o f  0.6&,
In  order fo r  large amplitude measurements to be made conveniently , 
a vern ier  s l i t  amplitude measurement system was constructed as shown 
in  F ig , 7. This system was constructed by making a reduced photo­
graphic negative o f accurately  spaced v e r t ic a l  ZLnes drawn by the 
Cal Comp peripheral p lo tte r  of the Louisiana S tate U n iversity  
Computer Center. Vernier l in e s  were drawn and photographed a t the 
same time for a one h a lf le a s t  count. The main sc a le  photographic 
s l i t s  were wrapped around the diameter o f a 15.2 cm diameter disk  
mounted on the ax le  coupling the o s c i l la t o r  p la te  to  the quartz 
f ib e r . A collim ated l ig h t  beam o f about 1 cm diameter illum inated  
the main s l i t s  from the in s id e . The vern ier  s l i t s  were placed on 
the outside c lo se  to  the main sca le  s l i t s ,  A lense focused an 
image o f the vern ier  s l i t s  on a photodiode. As the o s c i l la t o r  
rotated  the vern ier s l i t s  were a lte r n a te ly  illum inated  by the l ig h t  
passing through the main sc a le  s l i t s .
The resu ltin g  modulated lig h t  in te n s ity  i s  d etected  by the 
photodiode, each maximum o f  the in te n s ity  corresponding to  a 
ro ta tio n  of the o s c i l la to r  through an angle A 0  “ l / r  where l  i s  the 
d istance corresponding to  the le a s t  count o f  the vern ier  and r  i s  
the radius o f the main sc a le  c ir c le .  The photodiode pu lses are 
counted during a f u l l  period o f o s c i l la t io n .  The r e su lt in g  number 
corresponds to  four times the average amplitude during the period.
Two main sca les  were used with a le a s t  count d istance o f  0 .635 mm 
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Figure 7 . Vernier S l i t  Amplitude Apparatus.
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radians, r e sp ec tiv e ly . The average amplitude 9 fo r  the period i s  
given  by 9 o ^N^/r where N i s  the to ta l  count fo r  the period,
The vern ier  s l i t  system thus measures the angle with an accuracy 
o f +0,0021^ radians and 0.0010U radians, resp ec tiv e ly , which 
corresponds to reading the s tra ig h t sc a le  o f the o p tica l lev er  to  
about ± 4 mm and 2 mm, r e sp ec tiv e ly . C alibration  with the o p tica l 
lev er  confirmed th is  agreement.
B, A nalysis
The Stokes force exerted by a f lu id  on a length h o f  an 
in f in i t e  o s c i l la t in g  cy lin d er  o f radius a was given in  Eq, (3) 
and i s  rew ritten  here fo r  convenience
F -  -  K'k—  -  M'k’tuv . (10)
The torque N exerted  by the f lu id  on two cy lin d ers a t a radius d
i s  g iven  by
N -  -  2M'd(k|~ + k'tuv) . ( l l )
The equation o f  motion fo r  the to rs io n a l pendulum of th is  
experiment i s
I q9 -  -  ( 2 t t ) 2 c (9 -  2M'd2(k 9 +  k'coS) (12)
where d 9 has been su b stitu ted  fo r  v, 1^ i s  the moment o f
2
in e r t ia  o f the o s c i l la t o r  in  a ir ,  a9 i s  the restorin g  torque
•  «»
fo r  a f ib e r  w ith to rsio n  constant a, and 9, 9f and 9 are the 
angular displacem ent, v e lo c ity  and a cce lera tio n , resp ec tiv e ly .
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A so lu tio n  o f  the form 6 *= i s  assumed} the resu ltin g
damped harmonic motion has a period t “ 2tt/ u> and 1°6 decrement 
2tt6 given  (to  order <5) byi
t  2  ■  t q 2  + (2Tta2d2 k /a)h  ( i3 a )
and
2 t t 6 t 2  =  ( 2 T i 2 a 2 d 2 P k ' / a ) h  ( 1 3 b )
2where i s  the period of the apparatus in  a ir ,  aTQ has been
2
su b stitu ted  fo r  1^, and ua h has been su b stitu ted  fo r  M',
2
Since 27i6 was always le s s  than 0 .1 , the n eg lect o f <5 in  these 
equations introduces errors le s s  than 0.1^,
2 2In  Fig, 8 ty p ica l data are p lo tted  as t  versus h
2and 2tt6t versus h. The slop es s and s '  o f the s tra ig h t lin e s  
in  F ig . 8 determine the experim ental values o f  k and k 'i
k « sa/27ra2d2p (l^ a )
and
k ‘ -  s ' a / 2 i r 2 a 2 d 2 P  .  ( l ^ b )
The experimental penetration  depth i s  g iven  by A «* ( vt /m )2, 
where t  I s  the average o f  the periods measured fo r  d iffe r e n t  
depths o f immersion. The d ifferen ce  between the period at  
maximum immersion (about 10 cm) and minimum immersion (about 1 cm) 
was never more than 0.33 sec; s in ce  the periods ranged from 6 to  16 
























no greater  than 3$ (and ty p ic a lly  1$).
The end e f fe c t s  and surface e f fe c t s  are evident from F ig. 8 
as an e f fe c t iv e  shortening o f the cy lin d er by an amount h  ̂ and as 
an a d d ition a l damping 2tt6q (in c lu d in g  lo s se s  in  the f ib e r ) .
For the geometry o f  th is  experiment, the e f f e c t  o f the two 
cy lin d ers on each other and the e f f e c t  o f  the fixed  c y lin d r ic a l  
boundary on the moving cy linders have been ca lcu lated  ( fo r  an
OQ
in v isc id  f lu id ) by Hussey and Reynolds , The r e su lt  i s  that 
the in v isc id  part o f the in e r t ia  c o e f f ic ie n t  i s  m u ltip lied  by 
a fa c to r  1 -  -^(a/d'^ + 8a^b^d^(b^-d**) In the present experiment 
th is  fa c to r  varied from 0.9513 to 0 ,9998. The d istance between 
cy lin d ers ranged from 5 .OX to 7 9 •'A, and the d istance from 
cy lin d er to outer boundary ranged from 3.5x to 7 3 .°A, so the 
viscous in tera ctio n  was presumed to  be n e g lig ib le . The long range 
steady streaming, generated by Reynolds s t r e s s ,  i s  stron gly  
dependent on amplitudej s in ce  the amplitude was always sm all, 
and both period and log  decrement were independent o f  amplitude 
over a large range, i t  was concluded that the present measurements 
were unaffected by steady stream ing.
In  w riting the equation fo r  the torque, we have neglected the
sm all torque due to the ro ta tio n  o f the cy linders about th e ir  own
1 2  2axes. This n eg lect introduces an error o f s iz e  —a /d  compared to  
1 | th is  error i s  never larger than 2$ and i s  ty p ic a lly  0 .6 $ .
C, Data
Experimental data fo r  experiments 1 through 28 are found in  
Tables I I I  and IV. Table I I I  contains the measured Immersion depths
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TABLE III  
Experimental Data
No. h, cm H, cm t, sec 2tt6
1 0 .0 0 .0 5.332
2.0 2 .0 5.334 0 .0 0 6 7 2
8.0 8 .0 5.374 0 .0 2 1 0
2 0.0 0 .0 10.599
3.335 3.354 10.640 0.0148
6.386 6.367 10,683 0.0256
3 0 .0 0 .0 5.912 —
4.841 4.549 5.923 0.0212
7.249 7.5^1 5.928 0.0320
4 0 .0 0 .0 13.821 -
5.979 5.967 13.894 0,0480
8.95** 8 .9 6 6 13.945 0.0810
5 0 .0 0 .0 16.317 mm
5.979 5 .9 6 7 16.390 0.378
8.954 8 .9 6 6 16.433 0 .6 5 0
6 0 .0 0 .0 14.751 tm
0.178 0.115 14.760 0.0180
3.175 3.147 14.898 0.0824
6.218 15.076 0.187
9.170 9.259 15.175 0 ,2 6 0
7 0 .0 0 .0 13.797
0.635 0.427 13.803 0.00450
3.404 3.458 13.832 0.0191
6.375 6.529 13.862 0.0350
9.570 13.898 0.0515
8 0 .0 0 .0 13.890 —
0.381 0.306 13.892 -
3.302 3.306 13.956 0.0615
6.274 3.444 14.044 0.118
- 9.354 14.123 0.178
9 0 .0 0 .0 6.403 _
3.531 3.668 6.422 0.0356
6.604 6.706 6,446 0.0684
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No. hy cm H, cm t  f sec 2n6
19 0 .0 0 .0 9.326 -
1.651 1,668 9.328 0.00352
4.648 4,660 9.333 0.00792
7.696 7.692 9.337 0,0128
10.719 10.694 9.342 0.0172
20 0 .0 0 .0 9.351 0.000932
3.378 3 .3 5 6 9.367 0.0224
6.375 6.385 9.382 0,0407
9.373 9.385 9.397 0.0592
21 0 .0 0 .0 7.951 am
0.533 0.445 7.953 0.00527
3.480 3.436 7.968 0.0264
6.325 6 .4 65 7.982 0.0468
9.474 9 .466 7.999 0.0673
22 0 .0 0 .0 7.627
2.108 2.120 7.682 0.0241
5.156 5.149 7.774 0.0529
8.153 8 ,148 7.864 0.0791
23 0 .0 0 .0 8.312 0,00263
1.372 1,401 8.343 0.0164
4.420 4.430 8.428 0.0409
7.468 7.430 8.515 0.0629
24 0 .0 0 .0 5.782 0.00362
1 .19b 1 .214 5.784 0.00465
4.242 4.243 5.79^ 0.00767
7.264 7.243 5.803 0 ,0 1 0 6
25 0 .0 0 .0 6.509 0.00300
2.870 2.899 6.545 0.0172
5.944 5.928 6.589 0.0302
8.9^1 8.928 6 .6 3 2 0.0452
26 0 .0 0 .0 5.782
5.867 5.930 5.806 0.0301
8.992 8.929 5.820 0.0428
27 0 .0 0 .0 6.791 0.00584
3.886 3 .884 6.809 0 .0260
6.883 6.884 6.827 0.0419
28 0 .0 0 .0 6 .6 7 9 -
m m
6.680





Constants o f  the Experiment
No. a, cm d, cm 2b, cm
g-cm/sec
v,
cs p 3 g/cnr
1 0.634 4.572 15.2 1080 0.957 0.9978
2 0.634 4.572 15.2 270 0.967 0.9988
3 0.158 2 .0 3 2 15.2 270 16.6 1.1121
4 0.317 4.572 15.2 143 7.16 1.0905
5 0.317 4.572 15.2 140 7.16 1.0905
6 0.634 4.572 15.2 140 15.6 1.1110
7 0.634 2.032 15.2 14) 14.9 1 .1100
8 0.317 4.572 15.2 14) 16.3 1.1116
9 0.317 4.572 15.2 661 15.0 1.1101
10 0.317 4.572 15.2 661 14.75 1.1098
11 0.158 4.572 15.2 661 14.7 1.1097
12 0.634 4.572 15.2 374 15.3 1.1105
13 0.158 4.572 15.2 374 14.7 1.1097
14 0,237 4.572 15.2 661 13.8 1.1085
15 0.237 4.572 15.2 661 13.8 1.1085
16 0.237 2 .0 3 2 15.2 508 14.25 1 .1090
17 0.237 2.032 20.3 413 16.0 1.1113
18 0.237 2.032 20.3 413 15.85 1.1110
19 0.237 2.032 20.3 413 14.0 1.1087
20 0,158 4.572 20.3 413 14.15 1.1087
21 0.158 4.572 20.3 413 14.2 1.1090
22 0.634 7.112 25.7 393 0 .904 0.9972
23 0.634 7 .U 2 25.7 393 0.902 0.9972
24 0,634 2.032 25.7 393 0.890 0.9970
25 0.634 4.572 25.7 393 0 .886 0.9970
26 0.158 7.112 25.7 393 0,886 0.9970
27 0.158 7 .U 2 25.7 286 0.873 0.9968
28 0.158 4.572 25.7 282 0 .945 0.9976
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TABLE V
End E ffec ts  and R elative Distances
No. hQ» cm 2tt60 (V d)/X 2d/X
1 1.70 0.0019 24,6 72.0
2 0.49 0 .0 0 2 6 16.5 50.5
3 -2 ,0 2 0.0047 10.0 7.3
4 1.69 -0 .019 5.3 16,2
5 0.89 -0 .017 4.9 14.9
6 -0 .1 5 0.0075 3 .5 10.6
7 -0 .01 0.017 6.9 5.0
8 0 .44 -0 .0054 3 .5 10.7
9 1.31 -0 .0044 5 .4 16.5
10 0.30 -0 .0058 5.3 15.1
11 0.32 - 0 .0 0 2 6 5 .5 16.8
12 0.39 - 0 .0 0 6 6 5.5 16.6
13 0.49 -0.00021 4.8 14.6
14 0,42 0.0023 5.7 17.2
15 0.35 -0 .0077 5.2 15.8
16 0.05 0.00090 9 .8 7.1
17 0.25 0.00079 12.7 6 .4
18 0 .36 0.00031 11.8 5.9
19 0.29 0.00092 12.5 6.3
20 0.15 0.00162 8 .5 14.0
21 0.11 0.0023 9 .2 15.2
22 0.32 0.0036 38.0 68.0
23 0.35 0.0052 36.5 65.4
24 0.53 0.0034 73.0 2 6 .0
25 0.42 0.0028 6 0 .2 61.7
26 0,80 0,0046 44.5 79.7
27 0.89 0.0052 41.3 73.9
28 0 .34 0,0048 57.7 64.4
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h in  the second column, and the f i t t e d  immersion depths H in  
the th ird  column. The period t and damping 2tt6 are found in  the 
fourth  and f i f t h  columns, re sp ec tiv e ly .
The constant parameters fo r  each experiment are found in  
Table IV. The cy lin d er radius a, the d istance d from the center o f  
the o s c il la to r  and the diameter o f  the f lu id  bath are found in  the 
second, third and fourth columns, resp ec tiv e ly . The torsion  f ib e r  
constant a  i s  found in  the f i f t h  column. The kinematic v is c o s ity  v  
and density p o f  the f lu id  is  found in  the s ix th  and seventh columns, 
r e sp ec tiv e ly .
Table V contains the graph ically  determined end e f f e c t s  h  ̂
and 2 tt6q in  columns two and th ree , resp ec tiv e ly . The d istance  
from the cy lin d er  to the container wall (b-d)/A. and the d istance  
between the cy lin d ers 2d/A, expressed as m ultip les o f the 
penetration depth, are found in  columns four and f iv e ,  r e sp e c tiv e ly .
CHAPTER I II  
RESULTS
A. Stokes' S o lu tio n
S tok es’ so lu t io n  fo r  the c o e f f ic ie n t s  k and k' o f  Eq. (10) 
was given in  Eq. (^)and i s  rew ritten  here fo r  convenience
k -  1 -  ik* « ^ (z J /E z K ^ z ) ]  ( 15)
where K (z) i s  the modified B esse l function  o f  order n, and n
z -  ( l  + i ) a /x .  Tables o f k and k' were given in  the o r ig in a l
paper o f Stokes^- and in  the more recent work o f Hussey and
29Vujacic , We have extended the ca lcu la tio n s  to sm aller values 
o f  a/x and the combined r e su lts  are presented in  Tabic VI . These 
r e su lts  are most e a s ily  expressed In terms o f  the parameter m used 
by Stokest
m =■ a/(Xi/5) = a (w /v )2 , (16)
The values o f  k and k' fo r  m < 0 ,1  in  Table VI were calcu lated
from ta b les  o f  the modulus N and phase $ o f  the K elvin functionn n
kernx + ik ei^ x , where x « 2mj
k -  1 -  (Nj/xNqJcosC^ -  <t>0 -  f y )  (17a)




Values o f the In e r tia  C o effic ien t k and the Damping 
C o effic ie n t k ' .  For m < 0,001 see Eqs, ( l8 ) j  fo r  m > 4 ,0  see  Eqs, (19).
m 2 . ,m k'
rH1a:
c\T'B k' k
0,001 0.15557 0.019298 155,570. 19,299.
0 ,0 0 5 0.20611 0.034227 8 ,2 4 4 .5 1,370.1
0.010 0.23918 0.046382 2 ,3 9 1 .8 464.82
0,020 0.28418 0.065854 710.44 165.635
0,040 0.34825 0 .098916 217.65 62.823
0 .0 6 0 0.39946 0,12924 110.96 36.900
0,080 0.44466 0.15842 69.478 25.753
0,100 0.48630 0,18700 48.630 19.700
0,120 0.52555 0.21522 36.497 15.946
0,140 0.56310 0.24324 28.730 13.410
0,160 0.59936 0.27111 23.412 11.590
0,180 0.63461 0.29889 19.587 10.2251
0,200 0 .6 6 9 0 5 0.32662 16.726 9.1655
0.250 0.75252 0.39581 12.040 7.3329
0.300 0.83326 0.46494 9.2584 6 ,1 6 6 0
0.350 0.91211 0.53410 7.4458 5.3600
0.400 0.98958 0.60333 6.1849 4 .7 7 0 8
0.450 1.0660 0.67262 5.2643 4.3216
0 .5 0 0 1.1416 0.74200 4 .5 6 6 6 3.9680
0 .6 0 0 1.2911 0.88099 3.5863 3.4472
0.700 1.4388 1.0203 2.9363 3.0822
0.800 1.5852 1.1598 2 .4 7 6 9 2,8122
0.900 1.7308 1.2996 2.1368 2,6044
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For m < 0,001, the form given  by Stokes i s  more convenient!
m2(k -  1) -  -  2m2(B -  L + - |) ] /B  ( l8 a )
m2k' = [-L + ^ m 2(2 + L)]/B  (18b)
2 1 2where L “ Y + lnm, B -  L + ( ^ )  , and y i s  E uler's constant.
For m > ^ ,0 , values o f  k and k* are most e a s ily  obtained from
s e r ie s  derived from the asymptotic expansion o f the Hankel
29function . The f i r s t  three terms in  each s e r ie s  are ' i
k a 1 + 2^/a + *3/8 a 3 (19&)
k* -  2* /a  + a2A 2 -  *3/8 a 3 . (19b)
B, Comparison with Experiment
Stokes' theory i s  compared with our experim ental re su lts  in  
F ig s. 9 and 10. Figure 9 shows the r e su lts  for the added mass 
c o e f f ic ie n t  k. C learly , there i s  good agreement between theory  
and experiment over the en tire  range of ^ /a . The same conclusion
i s  drawn from the measurements o f  the damping c o e f f ic ie n t  k ' ,
shown in  Fig. 10.
Most o f th ese measurements were made with the angular 
displacem ent o f  the to rsio n  pendulum in  the range 0 .125  to 0 ,01  rad. 
At the upper end o f  t h is  range, i t  was frequently  observed th at the 
logarithm ic decrement was higher and the period was lower than 
th e ir  constant low amplitude v a lu es. I f  we designate by Am the 
maximum lin ea r  amplitude at which the period and decrement are 














































F ig u re  10 . E xperim ental Damping C o e f f ic ie n t  and S to k e s  Theory.
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amplitude i s  A /a  and the maximum Reynolds number R i s  2aA u>/v.m' m m
This Reynolds number i s  based on the cy lin d er  diameter 2a and on
the la rg est v e lo c ity  Aw during one c y c le . Approximate values
(±40j6) o f A^/a and R̂  fo r  the 28 experim ental points are given
in  Table VII along with the experim ental values o f k and k' and
the boundary correction  1 -  - |(a /d )^  + 8a^b^d^(b^-d^)- ^.
I t  i s  apparent th a t the r e s tr ic t io n s  on amplitude and Reynolds
number are not nearly as severe as expected. Consider, fo r  example,
the three experim ental points fo r  which A/a = 2» fo r  th ese points
A / a  ~ 1,1 and R ~ 1 .4 , None o f these parameters can be considered  m m
to be very sm all compared to  1, Therefore, i t  appears th a t the
approximation made by Stokes in  n eg lectin g  the non-linear term i s
30le s s  r e s tr ic te d  than the mathematical analysis^  im p lies .
Since the range o f  amplitudes employed in  our experiment i s
rather lim ited , i t  occurred to  us that perhaps the agreement with
Stokes' theory a t large A/a i s  fo r tu ito u s , and th at measurement a t
lower v e lo c i t ie s  would reveal a d iffe r e n t  region of flow , To
in v e st ig a te  th is  question , we extended the measurements to  lower
amplitudes as fo llow st a la se r  was used as the l ig h t  source, and
hy means of a s p a t ia l f i l t e r  and c y lin d r ic a l len ses , the beam was
focused to a narrow lin e  (about 2 mm wide) on a sca le  9 ® from
the mirror. Observations were made down to angular displacem ents 
-4o f  1 x 10 rad. The r e su lt  i s  shown in  P ig , 5» the lo g  decre­
ment i s  constant over more than two decades o f  amplitude. Therefore, 
we conclude th a t the agreement with Stokes' theory at i/a. =* 4 ,12
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TABLE VII
Experimental Values o f the Force C oeffic ien ts ,
C r itica l Amplitude and Reynolds number.
x/a k k' A /am' Rm
Boundary
Correction
0.201 1.469 0.4511 > 0.90 > 89. 0.9933
0 .2 1 5 1.427 0.4926 0.60 52. 0.9917
0.234 1.428 0,9014 0.23 17. 0.9513
0.236 1.449 0.5645 0.58 42. 0.9969
0.245 1.485 0.5562 0 .45 30, 0.9969
0.286 1.563 0.6733 0.76 37. 0.9933
0.809 2.613 2.288 1 .8 11. 0.9998
0.866 2.820 2.544 0.50 2 .7 0.9933
0.870 2.946 2.856 2 .6 14. 0.9998
0.895 2.791 3.097 .65 3.1 0.9933
0 ,8 9 6 2.868 2.669 2.0 9 .7 0.9994
1,28 3.504 3.825 .34 0.80 0.9518
1.34 3.337 4.779 1 .4 3 .7 0.9933
1.75 4,808 6,456 1.0 1 .2 0.9983
1.78 4.604 6.691 1.1 1 .4 0.9983
1.93 4.577 7.634 1.3 1 .4 0.9983
2.23 5.633 7.663 0.42 0 .3 4 0.9991
2.40 6.416 9.565 1.0 0.71 0.9932
2.43 6.894 11.21 > 2 .4 > 1 .6 0.9991
2,68 7.504 11.05 0.89 0 .49 0,9932
2.69 6.916 11,81 0.90 0 .4 8 0.9983
2.72 7.276 10.81 1 .0 0 .5 5 0.9932
2.89 7.922 12.51 1.1 0.51 0.9932
3 .4 4 8.746 16.28 0.80 0 .2 6 0.9996
3 .5 4 7.408 15.15 0 .6 2 0 .4 9 0.9970
3.80 9.130 15.85 3 .7 1 .0 0.9995
3 .96 9.786 18.53 1.1 0 .2 7 0.9996
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Figure 11, Constant Log Decrement over Wide 












i s  not fo r tu ito u s  , and th a t the Reynolds number i s  not an important 
parameter, a t l e a s t  fo r  A < a.
CHAPTER IV 
RELATION TO STOKES' PARADOX
I f  the period o f o s c i l la t io n  becomes extrem ely long, one
would expect th at the d is s ip a tiv e  part o f the force  should approach
the low Reynolds number drag. This i s  indeed the case fo r  the
31sphere, as shown by Lamb »
2
F- ® k'Mu>U « ^ ( l  + j ) ( 4  ira^p)ioU 
a
= 6"auU[l + (a/A)3 . (20)
The term 6iraviU i s  the well-known Stokes drag, where y i s  the v is c o s ity .
The term a/A i s  sm all in  the lim it  o f  long period .
For the c ir c u la r  cy lin d er , the tr a n s it io n  to  low Reynolds number
32i s  more d i f f i c u l t  because o f the Stokes paradox^ , i . e . ,  the lack o f  
a so lu tio n  to the Stokes equations fo r  unbounded plane flow . In th is  
case the d is s ip a tiv e  part o f the force (per u n it  length) i s
Fd -  k'MwU = i+TTyUk'm2 . (21)
For A >> a,
Fd b -lyTyU( y + Iran)-1 (22)
where Y i s  E u ler's  constant. We can compare t h is  with Lamb's
25so lu t io n  o f the Oseen equations
Fj1 .  -i*ruU(Y -  \  + ln -g  R)"1 . (23)
1*9
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The logarithm ic terms in  Eqs, (22) and (23) are slow ly varying but 
dominate the equations fo r  sm all m and R, so  the two equations, 
though sim ila r  in  form, are not id e n tic a l. Equation (22) r e su lts  
from the lim it  a/X-K), with A/a << l j  Equation (23) r e su lts  from the 
lim it  a/X-*0, with A/a ~ 0 ( l ) .  In the case o f the sphere, these  
two l im it  processes give the same resu lt} fo r  the cy lin d er, they 
do not. This i s  perhaps another aspect o f the Stokes paradox.
The s im ila r ity  in  the ro le s  played by the Stokes parameter m
in  Eq. (22) and the Reynolds number R in  E q .  (23) i s  suggestive and 
leads us to  make the fo llow in g  sp e cu la tio n  we know that Eq, (22) 
i s  the lim itin g  form o f E q ,  (21) for  a/x << 1. We presume that
Eq. (23) i s  the lim itin g  form o f  a more general function o f  R for
R << 1, We specu late that the ro le  played by R in  th is  more 
general function  i s  id e n tic a l to  the role played by m in  Eq. (2 1 ). 
More p r e c ise ly , we specu late that the function  i s
Fd -  iMuUk'R2/l7 3 .9 8  (24)
where k ' ,  given by Eq, (17b ), i s  now a function  o f the r e a l variable
x = 0.15163R. Using Eq. (17b) or Table VI (w ith  m = R /l3 .1 9 0 ), we
can ca lcu la te  values o f the drag from Eq. (24) and compare with
measurements made a t low Reynolds number. This i s  done in  Fig. 12,
33where the f u l l  Oseen so lu tio n  o f Tomotika and Aoi , the matched
34asym totic expansion so lu tio n  o f Kaplun , and the truncated
s e r ie s  so lu tio n  o f  Underwood  ̂ are a lso  shown. Equation (24)
36agrees very w ell with the measurements o f T ritton  and o f
37Jayaweera and Mason up to  R » 2 .5 . Admittedly, th is  sp ecu la tion
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has no rigorous j u s t i f ic a t io n ,  but i t  provides a r e la t iv e ly  simple 
mathematical expression  which reduces to  Lamb's so lu tio n  fo r  
R << 1 and agrees w e ll with measurement in  the d i f f i c u l t  region  
around R = 1,
I t  i s  in te r e s t in g  to  compare Eq, (24) with Kaplun's so lu tio n . 
I f  we put e = - ( y -  + lngR)”*, then fo r  sm all R, Eq. (24) can be
w ritten
Fg/4rruU » e -  (tt^/16)e^ , (25)
The c o e f f ic ie n t  ir / l 6  = 0 ,62 i s  to  be compared with Kaplun's 
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Figure 12. Low Reynolds Number Drag Measurements and Eq.. (Z k ) ,
CHAPTER V 
CONCLUSIONS
Experim entally measured values of the in e r t ia l  mass c o e f f ic ie n t  
and the damping c o e f f ic ie n t  are found to  be in  good agreement 
w ith the theory of Stokes [Eq. (4)] throughout the range 
0,286 < V a < ^*13» even when the Reynolds number R and the 
r e la t iv e  amplitude A/a are 0 ( l ) ,  Order of magnitude an a ly sis  
[Eqs, (5) and (6 )]  in d ica tes that n eg lect o f  the non-linear  
convective a cce lera tio n  in  the Navier-Stokes equation, as done 
in  the Stokes so lu tio n , i s  ju s t if ie d  when ( l )  R << 1 and A << a, 
or (2) when A «  a and A << a. Thus, our experiments in d ica te  
th a t the range o f v a lid ity  o f  the Stokes so lu tio n  fo r  the forces  
on an o s c i l la t in g  cy lin d er i s  not as r e s tr ic te d  as im plied by 
order o f  magnitude a n a ly sis .
The values o f the in e r t ia l  mass c o e f f ic ie n t  and the damping 
c o e f f ic ie n t  have been calcu lated  from Eqs, (17) fo r  m = “ (a/A) in
the range ,001 < m < .06 and are presented in  Table VI, along 
with the values ca lcu lated  by Stokes fo r  0,01 s m £ 4 ,0 ,
The r e la t io n  to  Stokes paradox for  a lin e a r ly  tra n sla tin g  
cy lin d er  i s  shown by considering the large penetration depth lim it  
o f  the Stokes so lu tio n  fo r  the damping force on an o s c i l la t in g  
cy lin d er . The resu ltin g  lim it  fo r  the damping force [Eq, (2 2 )]  
i s  compared to  the Lamb so lu tio n  [Eq. (23)3 fo r  the drag on a 
tra n sla tin g  cy lin d er . An em pirical equation [Eq. (24)] fo r  the 
drag force i s  given which reduces to  Lamb's so lu tio n  in  the l im it
5^
o f sm all Reynolds number and which agrees w e ll with the experim entally  
measured drag force fo r  Reynolds number up to  2 .5 . The em pirical 
equation i s  considered u se fu l because o f i t s  computational s im p lic ity ,  
and perhaps may give in s ig h t  to  a b e tte r  th e o r e tic a l so lu tio n  fo r  the  
drag on a cy lin d er .
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